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PLANE  STRESSED  STATE  AND  BENDING  OF  N0NH0N0GENE0U3 
TRANSVERSALL1  ISOTROPIC  PLATE 


S.  G.  Lekhnitskiy 


(Leningrad) 


""Tleneralizatlon  of  the  theory  of  elastic 
equilibrium  of  a  thick  plate  [1,  2]  is  given  for 
nonhomogeneous  transversally  isotropic  plates  of 
two  types:  a)  multilayer  and  b)  having  elastic 
moduli,  continuously  changing  in  thickness. 

There  are  considered  plates,  being  in  plane 
stressed  state  and  bent  by  loads  distributed 
along  the  edges  arbitrarily,  and  also  uniformly 
along  one  of  the  plane  surfaces.  The  constructed 
theories  of  plane  stressed  state  and  bending  do 
not  use  hypothesis  of  straight  normals  and 
others  (besides  those  usually  taken  in  the  linear 
theory  ol‘  elasticity)  and  permit  determining 
stresses  and  displacements,  strictly  satisfying 
all  equations  of  the  theory  of  elasticity,  con¬ 
ditions  on  plane  surfaces  and  on  contact  surfaces 
of  layers.  On  lateral  surface  (on  the  edge) 
generally  there  are  satisfied  averaged  or 
integral'  conditions,  as  in  the  theory  of  thin 
plates. {  i  . 

1.  General  Information.  Let  us  examine  a  multilayer  plate, 
comprised  of  an  odd  number  of  2n  +  1  elastic  transversally  isotropic 
layers,  located  symmetrically  relative  to  the  middle.  Let  us  take 
the  following  limitations: 


1)  Each  two  layers,  symmetric  relative  to  the  middle,  have 
identical  thickness  and  identical  elastic  properties,  which  planes 
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of  Isotropy  In  every  layer  are  parallel  to  the  middle  plane  of  the 
entire  plate. 

2)  Layers  are  soldered  or  glued,  sc  that  their  slip  along 
contact  surfaces  and  separation  from  each  other  are  eliminated. 

3)  All  the  layers  behave  as  elastic,  and  experience  small 
deformations,  connected  with  stresses  by  generalized  Hooke  law. 

4)  Poisson's  ratio  for  planes  of  isotropy  (characterizing 
reduction  in  the  plane  of  isotropy  with  extension  in  the  same  plane) 
for  all  layers  are  Identical. 

The  last  limitation  Is  very  essential,  and  without  it,  it  is 
not  possible  to  construct  the  simple  theory,  which  is  discussed 
below. 


Let  us  take  the  middle  plane  for  plane  xy  and  direct  axis 
z  downwards  (Pig.  1).  Let  us  number  the  layers  in  the  following 
way:  let  us  consider  the  middle  zero  (0),  let  us  assign  the 
underlayer  numbers  1,  2,  ...,  n,  and  overlayer  -  numbers  -1,  -2, 

•  •  •  j  -n • 


In  accordance  with  this,  stresses  and  elastic  constants  will  be 
designated  by  usual  symbols  with  the  addition  of  numbers  of  layers 
on  top,  and  displacements  of  any  point  of  the  layer  number 
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m  -  through  um,  vm,  wm«  Let  us  introduce  more  designations: 
h  -  total  thickness  of  plate,  ha  -  distance  from  middle  plane  to 
contact  surface  of  layers  m  and  m  -  1;  let  us  assume  that  ■ 

“  hj^  -  hm  -  thickness  of  layers  with  numbers  m  and  -m.  We  have: 

E'  m "  E* ,  Mi“m  B*  (Young'*  Moduli)  (1.1) 

V?  m  <V*»  C  *  *  CP  ■  .  .  (*h*ar  ooduli) 

^  '*  (•—  Pol»*on'*  ratio*). 

-  '  •*  *  "  "  •  \  ; 

Equations  of  generalized  Hooke  law  for  layer  number  m  (m  ■  0, 
±1,  ±2,  . ..,  ±n)  will  be  written  in  the  following  way  [3]: 

u.2) 

Basic  system  of  equations  of  the  theory  of  elasticity  for 
transversally  isotropic  layer  number  m  will  be  obtained  by  adding 
to  (1.2)  the  equations  of  equilibrium  (Xm>  Ym,  Zm  -  projections 
of  volume  of  forces) 

W  +  W1  +  *>'"m  +  X*  -  0 

Here  and  further 

+  +  ^  (1.4) 

On  plane  surfaces  z  *  ±h/2  stress  components  should  equal 
projections  of  assigned  forces  (per  unit  of  area).  On  contact 
surfaces  there  should  be  fulfilled  conditions 
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Let  us  also  examine  single-layer  transversally  isotropic  plate 
with  thickness  h  with  planes  of  isotropy  parallel  to  the  middle  xy, 
for  which  v  «  const,  and  the  remaining  elastic  moduli  and  Poisson's 
ratio  E,  E^,  G^,  v2  are  continuous  and  even  functions  of  variable 
z,  so  that  E(-z)  *  E(z),  etc.  Let  us  assume  that  this  plate  also 
experiences  small  elastic  deformations  and  follows  generalized 
Hooks  law.  Basic  system  of  equations  of  the  theory  of  elasticity 
for  it  will  be  obtained  from  (1.2)  and  (1.3),  having  rejected  there 
indices  -  numbers  of  layers. 

For  each  of  the  two  plates  -  layered  and  with  variable  moduli  - 
let  us  examine  three  cases  of  equilibrium;  1)  plane  stressed  state. 
Induced  by  forces  distributed  along  the  edge,  2)  bending  by  load 
distributed  along  the  edge,  and  3)  bending  by  normal  load,  distributed 
evenly  over  the  entire  surface  z  ■  -h/2.  Plane  stressed  state  and 
bending  are  examined  separately  for  multilayer  plates  and  plates  with 
variable  elastic  moduli.  Below  are  listed  only  final  formulas  for 
stresses  and  displacements,  satisfying  equations  (1.2)  and  (1.3), 
conditions  on  surfaces  z  »  ±h/2  and  on  contact  surfaces  (in 
multilayer  plate)  and  equations  for  function  of  stresses  and  sag 
of  the  middle  plane.  The  fact  that  these  functions  satisfy  the 
needed  equations  and  conditions  can  be  easily  checked  by  simple 
substitution.  The  below  mentioned  expressions  give  the  possibility 
of  satisfying  averaged  or  integral  conditions  on  the  edge. 

Thus,  as  in  the  case  of  homogeneous  transversally  isotropic 
plate,  the  first  two  of  the  named  problems  lead  to  determination  of 
biharmonic  function  in  the  region  of  plate  satisfying  boundary 
conditions,  and  the  third  problem  -  to  determination  of  the  function 
satisfying  equation  of  a  thin  plate,  bent  by  evenly  distributed 
load. 


In  the  given  strict  formulation  the  problem  for  anisotropic 
nonhooogeneous  plate  is  examined,  apparently,  for  the  first  time. 

In  general,  according  to  the  theory  of  multilayer  plates  and  shells 
(especially  -  sandwich)  there  are  known  many  works,  in  which  different 
assumptions  are  used  (see  [4],  and  also  [53  and  [6],  where  there 
are  large  lists  of  literature).  This  question,  just  as  the  question 
about  bending,  will  be  examined  separately  for  multilayer  plates 
and  for  plates  with  variable  elastic  moduli. 

2.  Plane  stressed  state,  a)  Multilayer  plate.  Let  us  assume 
there  is  a  multilayer  plate  with  the  above-mentioned  properties, 
of  arbitrary  shape  (Pig.  1)  and  with  arbitrary  number  of  layers  2n  +  1 
being  in  equilibrium  under  the  action  of  forces,  distributed  along 
the  lateral  surface  symmetrically  relative  to  the  middle  plane  and 
parallel  to  it.  More  precisely,  it  is  assumed  that  forces  affecting 
any  element  hds  of  the  lateral  surface  with  base  ds  and  height  equal 
to  the  thickness  of  plate,  are  brought  to  principal  vector,  lying  in 
the  middle  plane.  Volume  forces  are  not  examined. 

In  homogeneous  isotropic  or  transversally  isotropic  plate,  being 
in  the  same  conditions  [33,  stress  components  on  areas  parallel  to 
the  middle  plane  are  equal  to  zero,  and  the  others  are  quadratic 
functions  of  z. 

In  multilayer  symmetric  plate  we  also  have 

-  v*  -  or  -  o  (2.D 

for  every  layer.  For  average  stresses  and  displacements1  along  the 
thickness  the  same  equations  are  obtained  as  for  isotropic  plate 
with  Poisson’s  ratio  v  and  Young’s  modulus  E*,  equal  to 

j*-4(***»+ 2  £**«*).  (2,2) 

Subsequently,  average  values  will  be  designated  by  superscript 
"slanting  cross." 


namely 


*«*  -  v/*.  ®fx  - 1,'^,  t^x  »  -  . 

*X(*»»X«M*X)  -  -2(1  +  v)#,*/x 


(2.3) 


(2.4) 


Function  of  stresses  F  is  biharmonic,  i.e.,  satisfies  equation 


1>V*  -  0 


(2.5) 


Let  us  introduce  designations: 


i.  . . 


(2.6) 


M  .  •  *»  •  i*— •  .  (2.6) 

.  s (.a- -  v : 

Zfc. W — « —  V) A. (x^* ■) “^Sr1^ 

.III,-.,  II 

*■  ***W‘jP***]  (2.7) 

....II  .  .  *■  •  n  .  •  ,  I  Tm  ■ 


Then  formulas  for  stresses  &ud  displacements  in  every  layer 
will  be  written  in  the  following  way: 


««*-  -  Wfc*.  U*.  -  «*  _  «  Z±m(l)-dxIFFX 

n* 

Ojk*  mm  V±m  m- 0X  —  J_  Z±m (j) . («  „ 0,  |, 

-  W>±«.  W±m  -  ±  Z'i.,  (*)  •  IFF* 


(2.8) 


ij  Flute  with  variable  elastic  moduli.  For  a  single-layer  plate, 
for  which  v  *  const,  and  remaining  Poisson’s  ratios  and  elastic 
moduli  are  continuous  and  even  functions  of  z,  we  obtain  also 


t«  -  T„  -  0,  -  0 


(2.9) 


Average  stresses  and  displacements  will  be  found  from  equations 
(2.3)  and  (2.4),  where  given  modulus 
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(2.10)  ^ 


Expressions  for  stresses  and  displacements  have  the  form 

+  •.“*/*<  *m~  — (2.11) 

•—££■■*/*  (2.12) 


Here 


(2.13) 


3.  Bending  by  a  load  distributed  along  the  edge,  a;  Multilayer 
plate.  If  a  multilayer  plate  (Fig.  1)  Is  bent  by  forces  and  moments, 
distributed  along  the  edge,  then  stresses  and  displacements  at  any 
point  can  be  expressed  through  blharmonlc  function  W  -  sag  of  middle 
plane. 

Let  us  Indicate  all  the  necessary  formulas,  preliminarily 
introducing  the  following  shortened  designations  for  constants  and 
functions  of  z. 


„  »-*>  .  . 

*•  “55^51  k  ~  V)  V + m**] 

«*“nrb,  (?-’“)  •  <.-,!<•«-*)*•  +f  S  K'-« .-J  v 

|n  *■  li  <  •  •  i  p) 

(3.2i 


(.W-t'  +  I  j  (.-0,1,  , (3.3: 

l*—+l  J 
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I  '  ¥ 


»-nr=75[«i*  +  ii WtfkM-Vj]  (3*") 

*  “  mr=w  {*'  «*k  -  *M *»* +  s  *•  OM,  <*w, - V)  + 

+  5c (tv, -V) -.,<*■*«- V)l|-  *  (3.5) 

Expressions  for  displacements  In  any  layers  have  the  form 


9^amW  +fiT=^h"*' +  2 >- 1, ....  •>  (3.6) 


For  stresses  we  obtain  formulas 


Stresses  o  ,  o  ,  t  will  oe  reduced  to  moments,  and  t  ,  t  - 
a  y  xy  xz  y  z 

to  shear  forces.  After  integration  with  respect  to  thickness  we 
obtain  formulas  for  moments  and  shear  forces,  pertaining  to  unit  of 
length: 


A!.  -  -  B  (V  f  vVJw',  M,--B  («,•  + 
iYa  »  _  fff  <•  -  (s'  -  W  +  tD'W) 


Coefficient  B  represents  cylindrical  rigidity  of  the  plate. 


Expression  B  coincides  with  what  is  obtained  in  the  theory  of 
thin  multilayer  plates  on  the  basis  of  hypothesis  of  straight 
normals  (see  [7]). 
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bi  Platt  with  variable  elastic  moduli.  For  such  a  plate  Instead 
of  formulas  (3*6)*  (3.7)  we  obtain 


>  *  m  -  9&  m  m  W+ 

;■»  •  #.-4> 


(3.9) 


(3.10) 


<i-f= *j**  vwr 

/  M 

•  •  *  *  » 'if' 


Bending  and  twisting  moments  are  determined  by  formulas  (3.8), 
where  expressions  for  B  and  g  have  the  form 


Ml 


(3.12) 


(Expression  for  B  is  analogous  to  theory  of  plates,  see  [7], 
p.  272.) 


From  all  the  above-mentioned  formulas  the  elastic  moduli, 
constant  at  any  point  of  the  plate,  are  obtained  by  known  formulas 
for  homogeneous  transversally  isotropic  plate.  The  problem  on 
bending  of  multilayer  isotropic  plate  is  briefly  examined  (by  a 
somewhat  different  method)  in  book  [8]. 

4.  Remarks  in  connection  with  bending  of  plate  by  distributed 
load.  If  the  load  is  distributed  not  only  along  the  edges,  but 
also  along  planes  z  ■  ±h/2  of  nonhomogeneous  plate,  then  the  problem 
is  considerably  complicated  (Just  as  in  the  case  of  homogeneous 
plate);  it  can  be  easily  sowed  by  elementary  means  only  with 
simple  laws  of  distribution  of  load.  Let  us  indicate  briefly  the 
basic  results  for  an  evenly  loaded  plate. 


a)  Multilayer  plate.  Let  us  assume  that  the  plate  is  somehow 
attached  along  the  edge  and  is  loaded  by  normal  forces,  distributed 


evenly  along  the  surface  z  *  -h/2  (Pig.  2).  Let  us  take  into  account 
its  intrinsic  weight. 


n  IKS  I Tk 
s  Sn.JLXJ.XJ. 


Pig.  2. 


Let  us  assume  that  q  -  intensity  of  load,  Ym  ■  const  -  specific 
gravity  of  layer  number  m,  with  this  y  •  y  .  Let  us  introduce 
more  designations: 


^-TA  +  *St^.  *  ~  ^  ( V*  +  *2  Vfc).  *m-  — 

;  *****  **  “*"1(1 ^  +' (?){*■»(«)  ±4^ (£*—**~*)V}  -» 


-  (4.1) 


-  rJ  ±  S  <r*-r *-«)*»  «»-i, : . . .  •> 


(4.2) 


°»*  “  “ <*  +  0  W  “ W  ?*.(*)- 1**"*  (i|.  3) 

In  this  case  sag  is  no  longer  a  biharmonic  function,  but 
satisfies  equation 


BD*W-f  +  Q 


(4.4) 


Displacements  of  points  of  layer  number  ±m  will  be  obtained  by 


adding  to  expressions  (2.8)  u+m>  v  respectively 


u'±m  ■*  O.bqLx,  ■  w'^  -  O.SfXy 


(4.5) 


and  to  wA„  -  function 
tin 


Ou  +  Jv*)  *  ± J  tm  -  |I^»  +,  2X  (V-  V-*)J  A*J  + 
•  ,  .  f  :  "•  . 

+  TJJy  VMPifcp  <*)  +  S  (Huft-I  (**)  -  P*f*  (*»))} 


(4.6) 
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or  accordingly 


•  « 


(4.$a) 


Formulas  for  txz,  t^£,  will  not  be  changed,  but  to  o  ^ 


±m 


It  is  necessary  to  add  expression 


«  ur-%-  .  *,• 
*±m-y-T=T-+r^* 


(4.7) 


which,  naturally,  will  be  reflected  on  the  moments.  Furthermore, 
here  stress  o0  will  not  be  equal  to  sero,  but  will  be  determined 

Z 

by  formula 


•,*»  T.  + 


(4.8) 


b)  Plate  vith  variable  elaetie  moduli.  At  constant  specific 
gravity  y  the  sag  of  middle  plane  W  satisfies  equation  (4.4), 
where  Q  •  yh,  and  B  Is  calculated  by  formula  (3.12).  With 
q  •  const 

&d%)di+r(-j— «)  (4.9) 


Displacements  will  be  determined  by  formulas  (3.9)  with  addition 
of  terms 


>' 

w’ 


-Kit,  •'  -Kn 

-n^Wi.)* + i  C-TT3-.  - 


rjw) 


(4.10) 


(expression  f(z)  -  see  (3.11)). 

Stresses  t  -  t  t _  will  be  determined  by  the  same  formulas 

xz'  yz’  xy 

as  with  q  ■  0,  and  to  the  expressions  for  a  and  o  it  is  necessary 

X  J 

to  add 
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(4.  ni 


o'. 


Problem  abound  bending  of  isotropic  plate  with  modulus  E, 
changing  In  thickness,  was  examined  In  C9 3 . 


While  not  citing  results  of  calculations  for  ncnhomogeneous 
plates,  let  us  note  only  that  with  different  relationships  between 
elastic  constants  of  layers  the  greatest  stress  and  especially  the 
greatest  sag  VT  obtained  by  strict  theory,  can  differ  auite 
considerably  from  thoee  found  with  the  help  of  theory  of  thin 
plates.  As  shown  by  formulas  (3-8),  moments  depend  on  constant  g 
(see  (3*5)  and  (3.12)),  which  in  different  variants  of  nonhomogeneouo 
plates  can  change  over  a  wide  range. 


By  solving,  for  example,  the  problem  of  bending  of  a  supported 
plate,  we  require  that  along  the  edge  the  sag  and  bending  moment 
be  equal  to  zero  and  we  thereby  introduce  constant  g  Into  expressions 
for  displacements  and  tensions,  which  can  be  strongly  reflected 
on  their  value. 

Submitted 
20  August  1962 
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abstract  0)  ABSTRACT  OF  REPORT.  A  multilayer  plate  consisting  of  i 

an  odd  number  of  transversely  isotropic  layers  arranged  symetric 
ally  with  respect  tc  the  median  plane  is  considered  under  the 
following  assumptions:  1)  the  pairs  of  layers  which  are  symmetrical 
with  respect  to  the  median  plane  have  equal  thicknesses  and  the 
same  elastic  properties  and  the  planes  of  isotropy  in  each  layer 
are  parallel  to  the  median  plane  of  the  entire  plate;  2)  the  layers 
are  attached  to  each  other  along  the  contacting  surfaces  in  such  a 
way  that  slip  or  complete  separation  is  impossible;  3)  tne  general 
ized  Hook’s  law  holds;  4)  the  Poisson  coefficients  for  the  planes 
of  isotropy  of  all  the  layers  are  the  same.  The  second  problem 
.  considered  is  that  of  a  single  layer  transversely  isotropic  plate 
with  the  planes  of  isotropy  parallel  to  the  median  plane  in  which 
the  iolsson  coefficient  remains  constant,  while  the  remaining 
elastic  moduli  and  Poisson  coefficients  are  continuous  and  even 
functions  of  depth  in  the  plate.  Again,  it  is  assumed  that  the 
\  generalized  Hook's  law  holds.  Two  cases  of  equilibrium  are  then 

considered  for  both  the  multi  layer  and  single  layer  plates,  namely, 
the  plane  stressed  state  and  bending  under  the  action  of  stresses 
distributed  arbitrarily  over  the  lateral  surface  and  bending  under 
the  action  of  a  normal  load  over  one  of  the  plane  faces.  The 
analysis  is  a  generalization  of  published  solutions  for  the  elastic 
equilibrium  of  a  thick  plate  to  the  restricted  non  homogeneous  case 
defined.  (Two  figures  are  included  in  the  parent  document,  which 
is  available  on  microfiche.) 
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